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Abstract

Logic functions can be implemented in either AND/OR/NOT-based traditional Boolean (TB) logic or AND/XOR-based Reed–Mul-
ler (RM) logic. To the majority of logic functions, it will be beneficial to be partially implemented in both TB logic and RM logic, called
dual-logic. In this paper, a detection condition favoring dual-logic synthesis is proposed. A corresponding detection algorithm is devel-
oped and implemented in C. The algorithm is applied to test a set of MCNC91 benchmarks for verifying the algorithm. The results show
that the proposed algorithm is more efficient than published ones.
� 2009 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

Logic functions can be implemented by either using
AND/OR/NOT-based traditional Boolean (TB) logic or
using AND/XOR-based Reed–Muller (RM) logic. Statisti-
cally, 50% of applications can obtain better design under
RM logic domain than that under TB logic domain [1,2].
For example, for an n variable parity function, using TB
logic to implement takes 2n�1 product terms or 2n�1n liter-
als because each product term contains n literals. However,
if RM logic is used to implement, it only takes n product
terms or n literals because each product term consists of
only one literal [3–6]. Furthermore, with the increase in
n, potential savings of a chip area and power dissipation
are significant. In addition, RM logic-based design is of
good testability, which offers an efficient solution to over-
come verification difficulty for today’s IC industry. There-
fore, for digital designs, both TB logic and RM logic are of
equal importance. If two logic domains are combined to

synthesize logic functions, then better solutions could be
obtained. To do so, the first task is to efficiently detect
whether a logic function is favorable to implement under
TB logic or RM logic. A traditional synthesis flow is as fol-
lows: converting a logic function in both TB logic and RM
forms; synthesizing them under two logic domains, respec-
tively; comparing the synthesis results and determining
implementation of the logic domain. However, there are
two drawbacks for this flow. First, it is time-consuming.
Second, only a small percentage of logic functions are
favorable to implement under TB logic or RM logic. In
fact, the majority of logic functions are favorable to partial
implementation in both TB logic and RM logic, which is
called dual-logic synthesis.

In terms of dual-logic synthesis, to our best knowledge,
the only work was done by Dubrova and Bengtsson [7],
which is an XOR logic detection algorithm. The authors
proposed a sufficient condition. If a function meets the suf-
ficient condition, then the function can be represented in a
form as f ¼ ðg � hÞ þ r and the number of product terms is
fewer than that in the Sum of Products (SOP) form. How-
ever, the condition is based on counting the number of
minimum product terms in the TB logic form compared
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with the number of non-minimum product terms in
f ¼ ðg � hÞ þ r. Furthermore, the condition does not take
the structure of the remainder function r into account.
Thus, the application of the condition has its limitations.
Take the function in Fig. 1, for example, the function meets
the sufficient condition proposed in [7], which means the
function synthesizing in Karnaugh loops as in Fig. 1(a)
can obtain better results than that in Fig. 1(b). However,
from Fig. 1(a), it takes four product terms while from
Fig. 1(b) it only takes three product terms.

In this paper, a detection condition favoring dual-logic
domain synthesis is proposed. A corresponding detection
algorithm is developed and implemented in C. The algo-
rithm is applied to a set of MCNC91 benchmarks to test
the algorithm efficiency.

2. Terminology and definitions

If the function f:{0, 1}n ? {0, 1}, then it is called a com-
pletely specified function, or CSF in brief. If function
f:{0, 1}n ? {0, 1, –}, where ‘‘–” denotes a ‘‘do not care
value”, then it is called an incompletely specified function,
or ISF in brief. For an ISF, Ff, Rf and Df are used to denote
onset, offset and do not care set of the function f, respec-
tively; while for a CSF, only Ff and Rf exist. In this paper,
CSF is focused. For convenience, the following definitions
are helpful.

Definition 1. One decimal integer i is represented into n-bit
binary code ðxn�1xn�2; . . . ; x0Þ; i ¼

Pn�1
k¼0xk � 2k, and

xk 2 f0; 1g; H ij ¼
Pn�1

k¼0ðxk � ykÞ is called the Hamming
Distance (HD) of two binary codes, ðxn�1xn�2; . . . ; x0Þ;
ðyn�1yn�2; . . . ; y0Þ, corresponding to two decimal numbers i

and j where i ¼
Pn�1

k¼0xk � 2k; j ¼
Pn�1

k¼0yk � 2k, and ‘‘�”

represents exclusive OR.
Given an n variable function f ðx0; x1; . . . ; xn�1Þ, it can be

represented as f ðx0; x1; . . . ; xn�1Þ ¼
P2n�1

i¼0 aimi where mi is
called minterm, which is a Boolean product of the
variables, x0, x1, � � � , xn�1, or their complements, and the
variables in mi are also called literals. ai e {0, 1} is the
coefficient of the ith minterm. If ai = 1, the ith minterm
exists in the function expression. Otherwise, it does not.
{ai = 1} consists of the onset Ff. A product term is also
called a cube. Hence, cube and product term are used
interchangeably in this paper.

Definition 2. The intersection of two sets A and B, denoted
by A \ B, is the union of the pairwise intersection of the
cubes from sets A and B. The union of two sets, denoted
by A [ B, is the union of the cubes from A and B.

Definition 3. The complement of the A is denoted by A and
A \ A ¼ /.

Definition 4. A cube is called the minimum cube if it does
not cover any other cubes except itself. A supercube of two
cubes a and b is the cube at least covering a and b, denoted
by supða; bÞ.

From the above definitions, it is known that any min-
term mi covers one Karnaugh lattice while any supercube
covers at least two Karnaugh lattices. It can be deduced
that a supercube of two minimum cubes mi and mj with
Hij = 2 covers four Karnaugh lattices.

Definition 5. Let l1; l2; . . . ; lk (k > 1) be cubes from the
onset Ff of the Boolean function f:{0, 1}n ? {0, 1} and let
the intersection of supðl1; l2; . . . ; lkÞ with the offset Rf be a
non-empty set of cubes supðl1; l2; . . . ; lkÞ \ Rf ¼

Sp
i¼1ci,

p P 1. supðl1; l2; . . . ; lkÞ is called the k
pþk -cube.

For example, Fig. 2 is a Karnaugh map of a four vari-
able function f ¼

P

ðm0;m5;m11;m14;m15Þ. The Karnaugh
loop a is a 1

2
-cube while the Karnaugh loop b is a 3

4
-cube.

3. Principle of sufficient condition

A logic function can be implemented by AND/OR/
NOT-based TB logic, denoted as fB, or by AND/XOR-
based RM logic, denoted as fRM. For a specific logic func-
tion, in terms of die size and power dissipation, it is inter-
esting to know which logic is favorable to implement; it is
more important to know whether the logic function is ben-
eficial for mono-logic or dual-logic being implemented.
This problem can be addressed as follows.

Given a logic function in TB logic form, detect whether
a compact form, in which part of the function is imple-
mented by RM logic and the remainder is implemented
by TB logic, could be obtained under dual-logic synthesis.
In other words, an AND/OR/NOT-based expression fB

can be transformed into f �B þ fRM called dual-logic,
denoted as fD ¼ f �B þ fRM. Here, fRM denotes that the func-

Fig. 1. Karnaugh map of a four variable function: (a) Karnaugh loop
based on the condition in [7] and (b) Karnaugh loop in TB logic.

Fig. 2. Karnaugh map of a four variable function f.
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tion is expressed into RM form while f �B represents that the
function is in Boolean form; while fB and fD have the same
logic function.

To see whether dual-logic synthesis is beneficial to the
function fB, a cost function is needed. As known, in two-
level AND/OR expression, the number of cubes is used
to evaluate the implementation cost of the function while
in multi-level expression the number of literals is used as
the cost. Here, both the number of cubes and the number
of literals are used to measure the cost. The criteria to tell
which form is compact are if the number of cubes is differ-
ent, then the compact form can be directly determined, that
is, the fewer the number of cubes, the more compact the
function form; if the number of cubes from fB and fD is
the same, the number of literals is used to measure the cost.

The following Lemma is useful to lead to the solution.

Lemma 1. Let l1; l2; . . . ; lk, k > 1 be cubes from the onset Ff

of Boolean function f: i{0, 1}n ? {0, 1}, n be the number of
variables, and let the intersection of supðl1; l2; . . . ; lkÞ with

the offset Rf be a non-empty set of cubes

supðl1; l2; . . . ; lkÞ \ Rf ¼
Sp

i¼1ci, p P 1, k ¼ 1; 2; . . . ; 2n.

(i) if p < k, k ¼ 2; 3; . . . ; 2n � 1; for each cube ci, a cube
bi 2 F f such that supðbi; ciÞ \ Rf ¼ ci can be found
as well as supðl1; l2; . . . ; lkÞ \ supðbi; ciÞ ¼ ci, then

supðl1; l2; . . . ; lkÞ �
[

p

i¼1

supðbi; ciÞ

¼
[

k

i¼1

li [
[

p

j¼1

ðsupðbj; cjÞ � cjÞ ð1Þ

supðl1; l2; . . . ; lkÞ is called the k
kþp -cube.

(ii) if p = k = 2r, and r ¼ 1; 2; 3; . . . ; n� 1, for each cube
li, always there is cube lj, and li; lj 2 F f , i – j, such
that supðli; ciÞ \ Rf ¼ supðlj; ciÞ \ Rf ¼ ci can be
found as well as supðlj; ciÞ \ supðli; ciÞ ¼ ci. The min-
imum HD between any two cubes is 2. Then

sup l1; l2; . . . ; lk
2

� �

�
[

k

j¼k
2þ1

supðlj; cjÞ ¼
[

k

h¼1

lh ð2Þ

supðl1; l2; . . . ; lkÞ is called the 1
2
-cube.

Proof. For the proof of Case (i) please refer to Ref. [7], and
the proof of Case (ii) is shown as follows. Since p = k = 2r,
it is known that supðl1; l2; . . . ; lkÞ covers 2r+1 Karnaugh
lattices, in which 2r lattices are occupied by the onset while
2r lattices are occupied by the offset. Since for each cube li,
always there is cube lj, and li; lj 2 F f , i – j, such that
supðli; ciÞ \ Rf ¼ supðlj; ciÞ \ Rf ¼ ci can be found as well
as supðlj; ciÞ \ supðli; ciÞ ¼ ci. Hence, the onset {li} is
evenly distributed among 2r+1 Karnaugh lattices. Using
the deductive proof, it can be proved that for each
lj, (j ¼ k

2þ 1; k
2þ 2; . . . ; k), can always find a cj (j ¼ k

2þ
1; k

2þ 2; . . . ; k) covered by supðl1; l2; . . . ; lk
2
Þ, so that lj is

logically adjacent to cj. Then, Eq. (2) is satisfied. h

Lemma 1 gives a condition for substituting a subset FS

of the onset Ff of a function fB by two functions f �B and
fRM so that fB ¼ fD ¼ f �B þ fRM and the implementation
cost in f �B þ fRM is smaller than that in fB. The following
theorem guarantees that this condition is sufficient.

Theorem 1 (Sufficient condition). If a Boolean function fB

satisfies Lemma 1 for some set of cubes ðl1; l2; . . . ; lkÞ, li e Ff,
8i 2 f1; 2; . . . ; kg, then the implementation cost of fD is

smaller than that of fB.

Proof. Suppose that a part of the function fB satisfies Case
(i) in Lemma 1. Then Eq. (1) is satisfied. From the right part
of Eq. (1),

Sk
i¼1li [

Sp
j¼1ðsupðbj; cjÞ � cjÞ, which is an

AND/OR/NOT-based expression, it costs p + k terms.
However, from the left part of Eq. (1),
supðl1; l2; . . . ; lkÞ �

Sp
i¼1 supðbi; ciÞ, which is in RM form,

and it needs p + 1 terms. Since k > 1, the left part of the
expression is more compact than the right part.

If part of the function fB satisfies Case (ii) in Lemma 1,
then Eq. (2) is met. From the right part of Eq. (2),

Sk
h¼1lh,

it needs k terms. Similarly, from the left part of Eq. (2),

sup l1; l2; . . . ; lk
2

� �

�
Sk

j¼k
2þ1 supðlj; cjÞ, it costs k

2þ 1 terms.

Again, since k > 1, the left part of the expression is equal to
or more compact than the right part. h

In the following, two examples are shown to explain
how to apply Theorem 1 to detect functions.

Example 1. A 4-variable function f1 is shown in Fig. 3.

On the one hand, let m1 = 0001, m2 = 0101, m3 = 1001,
and m4 = 1100. Then we have supðm1;m2;m3Þ ¼ –– 01 as
the loop in Fig. 3 and supðm1;m2;m3Þ \ Rf ¼ 1101 ¼ c1.
Since p = 1 and k = 3, supðm1;m2;m3Þ is a 3

4
-cube. It can

be seen that b1 = m4 = 1100 satisfies supðb1; c1Þ \ Rf ¼ c1.
Since supðb1; c1Þ � c1 ¼ b1, we obtain that supðm1;m2;
m3Þ � supðb1; c1Þ ¼ m1 [ m2 [ m3 [ b1.

Hence, fRM ¼ x1x2 � x1x3x4. On the other hand, let
m5 = 0110 and m6 = 1110. Then we have f �B ¼ x1x2x4.
Hence, under the dual-logic synthesis, f1 ¼ fD ¼ fRMþ
f �B ¼ x1x2 � x1x3x4 þ x1x2x4. However, if Boolean logic is
used to synthesize the function, then f1 ¼ fB ¼ x1x2x3þ
x1x2x4 þ x2x3x4 þ x1x2x4. It can be seen that using RM logic
can save one cube in terms of the number of cubes but save

Fig. 3. Part of function f1 that meets Case (i) in Lemma 1.
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4 literals in terms of the number of literals. The function
meets Case (i) in Lemma 1.

Example 2. A 4-variable function f2 is shown in Fig. 4.

Let m1 = 0001, m2 = 0100, m3 = 1101 and m4 = 1000.
Then we have supðm1;m2;m3;m4Þ ¼ ––0– as the loop in
Fig. 4 and supðm1;m2;m3;m4Þ \ Rf ¼ ð0000; 0101; 1001;
1100Þ ¼ ðc1; c2; c3; c4Þ. Since k = p = 4, supðm1;m2;m3;m4Þ
is a 1

2
-cube. It can be seen that supðli; ciÞ \ Rf ¼

supðlj; ciÞ \ Rf ¼ ci can be found as well as supðlj; ciÞ\
supðli; ciÞ ¼ ci, li; lj 2 F f , i – j and i; j 2 f1; 2; 3; 4g. The
minimum HD among two cubes is 2. Then, the loop in
Fig. 4 can be expressed in the form supðm1;m2Þ�
supðm3; c1Þ � supðm4; c2Þ ¼ x1x3� x1x2x4 � x1x2x4 while the
remainder can be expressed as f �B ¼ x3x2x1. Hence,
f1 ¼ fD ¼ fRM þ f �B ¼ x1x3 � x1x2x4 � x1x2x4 þ x3x2x1 while
under Boolean logic domain, f1 ¼ fB ¼ x1x2x3x4þ
x1x2x3x4 þ x2x3x4 þ x1x2x3x4 þ x3x2x1. It can be seen that
using dual-logic synthesis can save one cube. This example
is the case 1

2
-cube, which is the Case (ii) in Lemma 1.

4. Dual-logic detection algorithm

Based on Theorem 1, one is able to detect whether a
logic function is beneficial for using dual-logic implementa-
tion. The larger the subset of the onset of a function f sat-
isfying Lemma 1, the more the f can benefit from dual-logic
synthesis. Exhaustively searching such a subset may not be
necessary since what we need is to quickly evaluate whether
a given function is likely to benefit from dual-logic imple-
mentation, but not to optimize the function. The proposed
algorithm is used to lead to the solution. The input is the
onset Ff and offset of Rf. The output is ‘‘YES” if a function
is likely to benefit from dual-logic minimization, ‘‘NO”

otherwise. The algorithm repeats the following steps:

Step 1. Choose a pair of cubes, mj;mjþ1, and compute its
supercube supðmj;mjþ1Þ.
Step 2. Compute the intersection supðmj;mjþ1Þ\
Rf ¼

Sp
i¼1ci.

Step 3. Check whether supðmj;mjþ1Þ is a kind of
k

kþp -cube. If yes, let NRM1 ¼ N RM1 þ 1, and delete
mj;mjþ1 and go to Step 1. If no, go to Step 4.

Step 4. Check whether supðmj;mjþ1Þ is a kind of 1
2
-cube.

If yes, let NRM2 ¼ N RM2 þ 1, and delete mj;mjþ1 and go
to Step 1. If no, go to Step 5.
Step 5. Check whether j < n� 1. If yes, let j = j + 1, go
to Step 1. If no, go to Step 6.
Step 6. If NRM1 þ N RM2 > 1, return ‘‘YES” with the
number of pairs, NRM1, NRM2. Otherwise, return ‘‘NO”.

Its pseudocode is shown as follows:

Check Dual LogicðF f ;Rf Þ
Input: Ff, Rf

Output: ‘‘YES” if function is likely to benefit from dual-

logic minimization, ‘‘NO” otherwise.
NRM1 = 0, NRM2 = 0;
for (each pair of cubes, ðmj;mjþ1Þ 2 ðF f � F f Þ){

Flag_ lemma_ satisfied = 0;

Compute_ supercube supðmj;mjþ1Þ;
Compute supðmj;mjþ1Þ \ Rf ¼ [p

i¼1ci;
for (each cube ci 2 fc1; . . . ; cpg) {
flag_found_a = 0;

for (each cube bl 2 F f ) {
Compute_ supercube supðbl; ciÞ;
if(supðbl; ciÞ \ Rf ¼ ci){

if(supðmj;mjþ1Þ \ supðbl; ciÞ ¼ ci) {

flag_ found_a = 1; /� found bl for the ci �/
NRM1 = NRM1 + 1;
break; /� break for-loop �/

}

}
}

if(flag_ found_a == 0) {/� failed to find bl for some ci �/
flag_found_b = 0;

if(supðli; ciÞ \ Rf ¼ ci&&supðlj; ciÞ \ Rf ¼ ci){
if(supðlj; ciÞ \ supðli; ciÞ ¼ ci){
flag_found_b = 1;

N RM2 ¼ N RM2 þ 1;
break; /� break for-loop �/
}

}

}

if(flag_found_a == 1||flag_found_b == 1) {

flag_ lemma_ satisfied = 1;

}

}

if(flag_ lemma_ satisfied = 1)/� Lemma is satisfied for
(mj, mj+1)�/

NRM ¼ NRM1 þ N RM2;
}

if(NRM > 0)

return (YES; NRM1, NRM2, NRM);

else

return (NO)

The main purpose of the proposed algorithm is to deter-
mine whether the expression of a function is more compact
using dual-logic synthesis than using Boolean logic byFig. 4. Part of function f2 that meets case (ii) in Lemma 1.
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counting the number of pairs ðmj;mjþ1Þ that satisfies
Lemma 1. Obviously, the more the number of pairs
ðmj;mjþ1Þ, the more compact the function expression using
dual-logic.

5. Experimental results

The proposed algorithm was implemented in C and run
under Pentium 486/2.4 GHz/512 M. A set of experiments
was performed on 18 benchmarks from MCNC91. Table
1 summarizes the results. Column 1 shows the circuit name.
Column 2 gives the number of inputs n and outputs. Col-
umn 3 refers to the cube number of Ff in the cover computed
by Espresso [5]. Column 4 gives the number, NRM1, satisfy-
ing Lemma 1 (i) while Column 5 shows the number,
NRM2, satisfying Lemma 1 (ii). Column 6 gives the number,
NRM, that shows the satisfaction of Lemma 1. Column 7
shows the result ‘‘Yes” or ‘‘No” to indicate whether the
function is suitable to the dual-logic synthesis. The final col-
umn presents the CPU time to detect the function.

From Theorem 1, the larger the function with NRM, the
less the cost to implement under the dual-logic synthesis.
From the table, it can be seen that 16 out of 18 circuits
are marked with ‘‘Yes”, which indicates that those func-
tions are beneficial from the dual-logic synthesis since they
have larger NRM. Functions with large NRM, like 9sym,
Newill, Rd84, Sym10, Xor5, T481, Cordic are known to
have a smaller cost using dual-logic than using Boolean
logic, which is confirmed by the published results [7–9].
However, functions like Ryy6, Cm150a are not beneficial
under dual-logic synthesis. It should be pointed out that
the algorithm in [7] is unable to detect T481 properly.
But the detection result based on the proposed algorithm

shows that it is beneficial for T481 to synthesize under
dual-logic that is confirmed in [7] based on its structure
analysis. From the CPU time in the table, it is known that
the proposed algorithm has reasonable time complexity.

6. Conclusions

In this paper a sufficient condition is formulated for a
function f ðx0; x1; . . . ; xn�1Þ to be synthesized under dual-
logic domain with less cost than that based on Boolean
logic. Based on this condition, an algorithm for detecting
whether a function is likely to benefit from dual-logic syn-
thesis is developed and implemented in C. The experimen-
tal results tested on MCNC91 benchmarks confirm that the
proposed algorithm can properly detect whether the func-
tions are beneficial under the dual-logic domain synthesis.
Future work will cover how to optimize a function under
the dual-logic synthesis.
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